Abstract & Context Families of the Gumbel (type I), Fréchet (type II) and Weibull (type III) distributions can be combined in the generalized extreme value (GEV) family of distributions. Maximum and minimum values of diameters in forest stands can be used in forest modelling, mainly to define parameters of the functions used in diameter class models as well as in some practical cases, such as modelling maximum diameters for sawing and processing purposes. & Aims The purpose of this study was to examine and compare two extreme value distribution functions (the Gumbel and the Weibull functions) in modelling the distribution of the minimum and the maximum values of representative sets of tree diameter samples. Both of these functions were applied to the lower and upper values of the diameter distributions of the main forest species in northwest Spain: Quercus robur L., Betula pubescens Ehrh., Pinus radiata D. Don, Pinus pinaster Ait. and Pinus sylvestris L. & Methods Parameters of the Gumbel function were estimated using the mode and the moments of the distributions, and parameters of the Weibull function were estimated using the moments method.
Introduction
In probability theory and statistics, the Gumbel distribution (Gumbel 1954 ) is used to model the distribution of the maximum or the minimum values of a number of samples of various distributions. For example, in hydrology, the Gumbel probability distribution is used to analyse variables such as monthly and annual maximum values of daily rainfall and river discharge volumes (Ritzema 1994 ) and also to describe droughts (Burke et al. 2010) . It is also used to predict when extreme events such as earthquakes, floods and other natural disasters will occur.
Extreme value theory indicates that the Gumbel distribution will be useful for representing the distribution of maxima if the underlying sample data is of the normal or exponential type. Maximum tree diameters in forest stands probably follow this distribution. However, minimum diameter distributions are sometimes truncated because the minimum inventoried diameter considered is 5 cm, which is often the mode value of the extreme value distribution. In such cases, the Weibull distribution, which can be used to describe distributions with a reverse J-shaped curve, may be more suitable than the Gumbel distribution.
The Gumbel distribution is a specific example of the generalized extreme value distribution (also referred to as the Fisher-Tippett distribution). It is also known as the logWeibull distribution and the double exponential distribution which is sometimes also called the Laplace distribution. It is often wrongly called the Gompertz distribution (Willemse and Kaas 2007) .
In the present study, the Weibull cumulative distribution function (CDF) was compared with the Gumbel CDF for describing extreme diameter values (maximum and minimum values). Because the Weibull CDF is simple and flexible (Bailey and Dell 1973) , it is often used in forestry studies (Maltamo et al. 1995; Kangas and Maltamo 2000; Zhang et al. 2003; Liu et al. 2004 ). Families of the Gumbel (type I), Fréchet (type II) and Weibull (type III) distributions can be combined in the generalized extreme value (GEV) family of distributions (Persson and Rydén 2010) .
Application of the Gumbel CDF or Weibull CDF to forest stands may be useful for describing extreme values of maximum or minimum diameters at different working scales (stand, forest, region). These extreme values are not usually of great interest in most practical cases; for example, timber products are often classified for different industrial uses after felling. However, maximum diameters are important in relation to the choice of harvesting machines used, and harvesting and felling may be limited by the size of machine heads.
The main interest in determining the distribution of these extreme values (maximum and minimum) is for application in forest modelling research. For example, diameter class models are based on probability density functions (PDFs) or CDFs, such as the gamma, Weibull, beta and Johnson's S B functions, which depend on a predetermined location parameter that is usually related to the minimum value of each distribution (Knoebel and Burkhart 1991; Zhang et al. 2003; Parresol 2003; Cao 2004; Fonseca et al. 2009 ). Knowledge of the distribution of minimum diameters can help in the choice of the most suitable value for the location parameter of these distributions or even in deciding to dispense with this parameter and to use the two-parameter models of the Weibull or gamma functions instead of the threeparameter functions (Maltamo et al. 1995) . Furthermore, the maximum diameter of the distributions and the upper limit of the highest diameter class, which depend on the maximum diameter, are usually used as the upper boundary in four-parameter distributions such as the beta function (Zöhrer 1969 (Zöhrer , 1970 Loetsch et al. 1973; Gorgoso-Varela et al. 2008 ). This value is also used as a scale parameter, in the Johnson's S B four-parameter distribution (Gorgoso et al. 2012) or in combination with the minimum diameter to calculate the range used as the scale parameter (Schreuder and Hafley 1977; Scolforo et al. 2003) . The maximum diameter is also considered as an independent variable in some generalized height-diameter models (Lenhart 1968; Amateis et al. 1995) . Readers may also be able to identify new applications.
Birch (Betula pubescens Ehrh.) and pedunculate oak (Quercus robur L.) are two of the most important naturally distributed forest tree species in northwest Spain. B. pubescens, which is considered a fast-growing pioneer species, covers an area of almost 32,000 ha in Galicia and 17,000 ha in the adjoining region of Asturias (MMAMRM Ministerio de Medio Ambiente y Medio Rural y Marino 2011), usually as the dominant species in mixed stands with other hardwoods and conifers. These stands are mainly derived from natural regeneration, frequently on abandoned land, although they are occasionally established as plantations. Q. robur is the dominant tree species of the climax vegetation in many of the native forests in northwest (NW) Spain, and it covers nearly 125,000 ha in pure stands and 250,000 ha in mixed stands in Galicia and 16,000 ha in Asturias, mainly derived from forest regeneration (MMAMRM Ministerio de Medio Ambiente y Medio Rural y Marino 2011).
Maritime pine (Pinus pinaster Ait.), Monterrey pine (Pinus radiata D. Don) and Scots pine (Pinus sylvestris L.) stands are important natural resources in northwest Spain. These species mainly occur in pure stands but sometimes also in mixed stands. Pinus spp. and Eucalyptus globulus Labill. are the most commonly used species in productive stands in this area of Spain. Pure stands of maritime pine cover 217,281 ha in the region of Galicia and 22,523 ha in the adjoining region of Asturias; these stands are mainly derived from natural regeneration, although they are occasionally established as plantations. Exotic Monterrey pine covers 96,177 ha in Galicia and 25,385 ha in Asturias, always in plantations. Scots pine stands cover 32,736 and 7,916 ha in Galicia and Asturias, respectively, also in plantations (MMAMRM Ministerio de Medio Ambiente y Medio Rural y Marino 2011).
The main purpose of this study was to examine and compare the performance of two extreme value distribution functions, the Gumbel and the Weibull CDFs, in modelling the distribution of the minimum and the maximum values of representative sets of tree diameter samples of Q. robur, B. pubescens, P. radiata, P. pinaster and P. sylvestris in northwest Spain. This is the first example of the application of the Gumbel CDF in forest modelling.
Materials and methods

Data
Tree diameter measurements were made in 172 permanent research plots in pedunculate oak (Q. robur) stands, 202 plots in birch (B. pubescens) stands, 325 plots in Monterrey pine (P. radiata) stands, 183 plots in maritime pine (P. pinaster) stands and 155 in Scots pine (P. sylvestris) stands in NW Spain (in the regions of Galicia and Asturias). In pine stands, the size of the plots ranged from 400 to 1,200 m 2 , depending on the stand density, in order to achieve a minimum of 30 trees per plot. In birch stands, the size of the plots ranged from 200 to 1,000 m 2 . In pedunculate oak stands, the size of the plots ranged from 225 to 1,345 m 2 to achieve a minimum of 30 trees per plot. Summary statistics including mean, maximum and minimum values and standard deviation of the main stand variables (quadratic mean diameter, number of trees per hectare, basal area and dominant height) are shown in Table 1 . The research plots used in the present study were established in stands dominated by the subject tree species (more than 85 % of species standing basal area) and were established to cover a wide variety of combinations of age, number of trees per hectare and site. All trees in each plot were numbered. Two perpendicular diameters at breast height were measured with calipers, to the nearest 0.1 cm, and the arithmetic average was calculated. The empirical data represent left-truncated distributions in some cases, as the smallest diameter measured in the field was 5 cm (trees smaller than this were not considered). The minimum and the maximum diameters from each distribution were extracted to form the experimental distributions of extreme values by species, used for model parameterization.
The main descriptive statistics of the distributions under study, including the mean; maximum and minimum values; 25th, 50th and 75th percentiles; standard deviation and skewness and kurtosis coefficients are summarized in Table 2 .
Examined models
The generalized extreme value distribution
Extreme value distributions were first derived by Fisher and Tippett (1928) to describe forms of the frequency distribution of the largest or smallest member of a sample. The GEV distribution has the following CDF for a random variable x:
where μ is the location parameter, σ is the scale parameter and ξ is the shape parameter. The shape parameter (ξ) governs the tail behaviour of the distribution. The subfamilies defined by ξ=0,ξ>0 and ξ<0 correspond to the Gumbel (type I), Fréchet (type II) and Weibull (type III) families, respectively, although the reversed Weibull is the model used to link the three distributions in the GEV.
The Gumbel distribution
The probability density function (PDF) and the CDF (Gumbel 1954 ) are formulated for a random variable x as follows:
where μ is the mode value (location parameter), β is the scale parameter estimated with Eq. 4, and the standard deviation (σ) is
The function was fitted once using the experimentally determined value of the mode (μ) and in a second case as a location parameter b μ recovered from the experimental mean (d ) and standard deviation (σ) of the distributions. The first and the second moments of the distributions (mean d and variance σ 2 ) were applied, by using the following expression:
where γ is the Euler-Mascheroni constant:
The Weibull distribution
The three-parameter Weibull CDF is obtained by integrating the Weibull PDF, and it has the following expression for a continuous random variable x:
where μ is the location parameter, β is the scale parameter and α is the shape parameter. The scale parameter β and shape parameter α of the Weibull distribution were obtained by the method of moments. Location parameter μ was predetermined as the minimum value in each distribution, and diameter classes of 1 cm were used in both distributions.
Fits of the Weibull distribution
The most commonly used estimation methods for fitting the Weibull distribution are the maximum likelihood estimation, the traditional method of moments, the method of moments incorporating skewness and the percentile method (Zhang et al. 2003) . In this study, the traditional method of moments was chosen because the moments of the distribution also were used in the Gumbel CDF approach. The method of Moments used by Shifley and Lentz (1985) , Nanang (1998), Stankova and Zlatanov (2010) and Gorgoso et al. (2012) is based on the relationship between the parameters of the Weibull function and the first and second moments of the diameter distribution (mean diameter and variance, respectively):
where d is the arithmetic mean diameter of the distribution, σ 2 is the variance and Γ(i) is the gamma function. Equation 9 was resolved by a bisection iterative procedure (Gerald and Wheatley 1989) . Both distributions were fitted using SAS/ STAT TM software (SAS Institute 2003).
Practical application
Information about the scale parameters of the minimum extreme value distributions such as the Gumbel and the Weibull distributions can help researchers to choose the most suitable value of the location parameter in three-parameter or fourparameter PDFs or CDFs commonly used in forest modelling, such as the Weibull, gamma, Johnson's S B and beta distributions. This avoids the need to use complicated and laborious algorithms as used for example by Scolforo et al. (2003) and Gorgoso et al. (2012) .
Goodness of fits
We evaluated the consistency of the model and the estimating method by using the Kolmogorov-Smirnov statistic (D n ) for a given cumulative distribution function F(x): D n =sup x |F n (x)− F 0 (x)|, where sup x is the supremum of the set of distances. This value was calculated as follows (Cao 2004 ):
where the cumulative observed frequency F n (x i ) is compared with the cumulative estimated frequency F 0 (x j ). We also used the bias, mean absolute error (MAE) and mean square error (MSE) as goodness-of-fit measures; these were expressed as follows:
where Y i is the relative frequency of trees observed value in each diameter class, b Y i is the theoretical value predicted by the model and N is the number of data points.
The bias, MAE and MSE values were calculated for the mean relative frequency of trees to determine the goodness of fits. Bias may be less important in the comparison of results because errors with different signs can be compensated. Table 3 shows the parameter values of the Gumbel distribution estimated using the mode value (μ) and the estimated mode (b μ ) and the three parameters (μ , β and α) of the Weibull distribution. Table 4 shows the mean values of bias, MAE and MSE of the relative frequencies of trees and the value of the Kolmogorov-Smirnov statistic (D n ) for the fits with both distributions of five tree species in forest stands in NW Spain. The observed and cumulative distributions fitted using the Gumbel and Weibull CDFs to describe extreme values of diameters in five species in northwest Spain are shown in Fig. 1 . The mode method was not included in the maximum diameter charts because of the poor results obtained with this approach.
Results
The most suitable order for considering the statistics is probably as follows: the Kolmogorov-Smirnov (D n ) statistic and the MSE, followed by the MAE and finally the bias (because errors with different signs can cancel each other out, thus confounding the overall value).
The Weibull distribution was generally the most suitable model for describing the maximum diameters of B. pubescens, P. pinaster, P. radiata and P. sylvestris. However, it is a much more complex model than the Gumbel distribution, and iterative procedures must be used in the method of moments fits. The Gumbel distribution fitted by the moments method also yielded good results for maximum diameters (see Fig. 1 ), although this is a simpler and thus less flexible model.
When the observed mode value was used to fit the Gumbel distribution, the best results were obtained for the minimum diameters of B. pubescens and P. radiata stands. However, poor results were obtained in the other cases, indicating that this fit is not a viable alternative for modelling maximum diameters. For Q. robur stands, the Gumbel and the Weibull distributions fitted by the moments approach yielded equally good results. Finally, the Gumbel distribution fitted by the observed mode method or by the estimated mode method (moments) is more suitable than the Weibull distribution for modelling minimum diameters in P. pinaster and P. sylvestris stands.
Discussion
In this study, we tested a new distribution function to model a large number of permanent plots of five tree species, which represent the wide heterogeneity and complexity of forest stands in NW Spain. This is the first evaluation of the Gumbel CDF in the field of forest modelling, although the function is applied in other environmental sciences such as hydrology. We compared moments-and mode-based methods for estimating the Gumbel CDF because the lowest value in many left-truncated distributions is the minimum inventoried diameter (5 cm), which is the mode of the extreme value distributions. Minimum diameter distributions do not follow a theoretical normal or exponential model, and the Gumbel CDF fitted by the mode yielded the best results for minimum diameters of B. pubescens and P. radiata stands in which the values of the 25th and 50th percentiles were the lowest (see Table 2 and Fig. 1d, h ). Probability density functions such as Johnson's S B were fitted using the real mode value (Hafley and Buford 1985) , although poorer results were obtained than with other methods based on percentiles, moments or maximum likelihood (Zhou and McTague 1996; Zhang et al. 2003) .
Predetermination of the location parameters of the PDFs or the CDFs used in studies involving diameter class models usually depends on the minimum diameter of the distributions (Zanakis 1979; Hawkins et al. 1988; Knoebel and Burkhart 1991; Zhang et al. 2003; Scolforo et al. 2003; Parresol 2003; Cao 2004 , Liu et al. 2004 , Fonseca et al. 2009 Gorgoso et al. 2012) , and a suitable value of the location parameter is an important factor in the final accuracy of the models. In distributions including high minimum diameter values, a low value of the location parameter is probably not appropriate. Zanakis (1979) developed a method for estimating the location parameter of the Weibull distribution that takes into account the two smallest diameters and the maximum diameter in each plot. However, interpretation of the parameters of the CDF of minimum diameters described by the Gumbel and the Weibull functions can also help in selecting the most suitable value of the location parameter as a fraction of the minimum diameters observed. For example, Gorgoso et al. (2012) obtained the lowest values of the MSE with the Johnson's S B PDF fitted by the conditional maximum likelihood to the same pine data, considering 0.5·d min in P. sylvestris L. stands (in which the minimum diameters are the lowest) and 0.75·d min in P. radiata D. Don and P. pinaster Ait. stands (in which the minimum diameters were higher) (see Table 2 ). In the same study, the authors present a simple algorithm to define the optimum value of the location parameter for the Weibull, Johnson's S B and beta distributions fitted to the same data of pine species; the two-parameter Weibull distribution also yielded the best results for the P. sylvestris stands under study. The present results for the Gumbel distribution show a lower value of scale parameter (β) for P. sylvestris stands (2.1) than that for P. pinaster (3.5) and P. radiata (4.2) stands, in concordance with the variability in the minimum values of the distributions of extreme values (see Table 2 ), which may indicate that low values of this parameter benefit the twoparameter models of the PDFs or that is necessary to predetermine low values of the location parameters of the threeparameter and four-parameter models. Similar behaviour in the scale parameters of the Weibull PDF was also obtained for these species.
The Weibull CDF was generally the most accurate function for describing the maximum diameter distributions, and it could also be used for diameter class models. For example, four-parameter distributions, such as the beta PDF, require the upper limit of the distribution to be predetermined. This value is the maximum diameter of the distribution or the upper limit of the highest diameter class, with or without extensions (Zöhrer 1969 (Zöhrer , 1970 Loetsch et al. 1973) . Extensive studies of stem diameter distributions revealed that frequencies in the right tail, computed with the beta distribution, are sometimes too low and close to the upper limit. This defect was greatly reduced by iterated enlargements of the upper limit. This is justifiable by statistical considerations insofar as an increase in sample size also increases the probability of obtaining a higher maximum diameter (Loetsch et al. 1973) . However, the optimum extension of the upper limit may be more closely related to the trend in the frequency of trees in the highest diameter classes than the value of the maximum diameter of the distribution. Maximum diameter has also been used to determine the scale parameter in the Johnson's S B PDF (Knoebel and Burkhart 1991; Gorgoso et al. 2012) , and it has also been used to estimate the scale parameter as the range of the distributions (Schreuder and Hafley 1977; Scolforo et al. 2003) . Maximum diameters also are used in some generalized height-diameter models, sometimes as one of the independent variables (Lenhart 1968; Amateis et al. 1995) . Such models yielded determination coefficients (R 2 ) of 0.912 and 0.911, respectively, for radiata pine in Galicia (López-Sánchez et al. 2003) .
In summary, the method of estimating location parameters of the PDFs or CDFs involves extracting the minimum diameters from each distribution and fitting a theoretical extreme value distribution. The Gumbel and the Weibull CDFs are suitable for describing the distributions of minimum and maximum diameters, although the mode method of estimating the Gumbel is preferred for samples with low values of the smallest percentiles. This approach cannot be used for maximum diameters. The low values of the scale parameter of both distributions may indicate the suitability of low values of the location parameter of the distributions used in the diameter class models. Fig. 1 a-j Observed cumulative distributions and distributions fitted using the Gumbel and Weibull CDFs to describe extreme diameter values for five tree species in NW Spain Finally, maximum diameters are important for timber harvesting, because sawing and processing operations depend on the size of harvesting and felling heads of these machines. For some types of harvesting and felling heads, the maximum diameter for sawing and cutting is around 51 cm, although more expensive machinery may enable processing of trees of maximum diameters up to 95 cm.
In conclusion, the Gumbel distribution was used for the first time in the field of forest modelling to describe extreme values of maximum and minimum diameter distributions in forest stands in NW Spain. In some cases, the approach produced better results than with the Weibull distribution. The results are applicable to forest modelling and to some practical cases, such as modelling maximum diameters for sawing and processing purposes.
